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ABSTRACT 

W e present a phenomenological theory of solid-liquid 
se1 w;tti on processes, including thickening, ~entrifug~
tion and filtra ti un, of t1occulated suspenswns. Th1s 
theory starts from the mass and linear momentum ~al
ances for the solid and liquid components. Introducmg 
constitutive assumptions, describing the material by two 

Phenomenoloaical functions and performing a dimen-
b • 

sional analysis leads to a system of three equations for 
the mixture tlow velocity, the pore pressure, and the 
solid concentration. 

In one space dimension, the model gives rise to initial
buundary value problems of hyperbolic-parabolic de
gencrate partia! differential equations. A .brief accou~t 
of existcnce and uniqueness results and smtable numen
cal schemes is presented. Predictions of the phenome
nological theory are illustrated by numerical examples. 

JNTRODUCTION 

Thickening, fi! trati on and centrifugation are 
important stages in the beneticiation of ores, in the 
production of chemicals, pulp and paper, food and many. 
other industries. Ali of them are specific processes of 
the general field of solid-liquid separation and particle 
technology and therefore have many features in com
mon. Tlte basic principie underlying these processes is 
the relati ve llow of parti eles and t1uids. ln some cases 
isolated particlcs move through the t1uid and in others 
the tluid moves along the particles forming a more or 
less consolidated network. Despite their common fea
tures, each of these processes have been developed 
independently hy different groups of researchers with 
diffcrent technological interest. The developing of 
sedimentation and thickening comes, since the pioneer
ing work of Coe and Clevenger (1916) to our recent 
wurk (Bustos et. ai. 1999), from the mining industry, 
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while tiltration and centrifugation was developed in the 
food and chemical industry. 

ln this paper we present a unified theory of 
solid-liquid separation processes, including sedimenta
tion, filtration and centrifugation. We show that these 
processes are described by the volume fraction and the 
pressure of each component, solid and tluid, and by the 
solid-tluid interaction force. These variables obey a 
hyperbolic-parabolic strongly degenerate parti~!. difth
ential equation with initial and boundary cond1t10ns. A 
particular process can then be simulated by solving this 
equation numerically. 

The benefits of this formulation are then illus
trated by a brief account of some very recent existence 
and uniqueness results (Bürger et al. 2000c) related to 
the equation for the thickening problem. The mathe
matical analysis contirms the well-posedness of the 
mathematical model and is essential for the design of 
appropriate numerical solution procedures (Bürger et ai. 
2000d). A limited choice of calculated examples from 
thickening, centrifugation and filtration illustrates the 
theory. 

CONSTITUTIVE ASSUMPTIONS AND MODEL 
EQUATIONS 

The phenomenological theory of solid-liquid 
separation processes describes the separation of tloc
culated suspensions under the intluence of gravity, 
centrifugai force or applied pressure. A solid-liquid 
suspension is considered here as a mixture of two su
perimposed continuous media. The starting point of the 
modeling are the mass and linear momentum balances 
of both components. Constitutive assumptions, an order
of-magnitude study and the restriction to one space 
dimension reduce these equations to one scalar partia! 
ditierential equation for the volumetric solids concen
tration plus an algebraic relationship for the excess pore 
pressure. The unusual mathematical property is the 
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hyperbolic-parabolic type of that equation, where the 
type-change interface is detennined by the solution, i.e. 
its location is unknown a priori. 

Although Kynch ' s kinematical sedimentation 
theory (Kynch, 1952) describes well many phenomena, 
especially the gravitational or centrifugai settling of 
suspensions, its major shortcoming is its prediction that 
concentrations always propagate along straight charac
teristics (which might, of course, intersect and thus 
produce discontinuities). This prediction contradicts 
observations of flocculated slurries, which form com
pressible sediments with curved iso-concentration lines. 
The phenomenological theory models correctly this 
behaviour and at the sarne time produces a mathematical 
model that can be solved easily and therefore be imple
mented as a simulation tool. 

We assume that the solid particles are small 
with respect to the containing vessel and have the sarne 
density p5; that the constituents of the suspension are 
incompressible; that the suspension is completely floc
culated before the sedimentation begins; and that there 
is no mass transfer between the solid and the fluid. Then 
the mixture can be described by the local solids volume 
fraction r/J, the solid and fluid phase velocities V 5 and vr 
and Cauchy stress tensors T5 and Tr, the solid-fluid 
interaction force per unit volumem, and the body forces 
b5 = br = -gk in the gravitational case, with k the up
wards-pointing unit vector, or bc = ro x ro x r- 2ro x V 0 

c E { s,f} in the centrifugai, where ro is the angular ve
locity and r the radial vector ofthe system. 

With the volume-average velocity described by q = 
rPvs + (I - r/J)vr, the respective local mass balances for 
the solid and for the mixture are 

a I ,p + v . c f/J v.) = o, V' ·q =0. (I) 

The solid and liquid component linear mo
mentum balances are 

PstPDrvs =V'·'f. +psr/Jb, + m, (2) 

Pr(l-r/J)Dr Vr =V'·Tr + Pr0-r/J)br- m . (3) 

We assume that the Cauchy stress tensors take 
the fonn 

Te= - Pcl + TcE, c E {s,f}, where Ps and Pr are the phase 
pressures, and that the viscous solid and fluid stress 
tensors are given by T cE == Jlc[V'v, + (V'vc)T - %(V'·vcl)] 
for c E {s,f}. The phase shear viscosities ~(r/J) and /4...r/J) 
or altematively, a mixture-representative viscosity 
,u{r/J) = J..la(r/J) + J.4(r/J) and the ratio l](r/J) =J..la(r/J)IJ.4(r/J) are 
given constitutive functions. For simplicity, we assume 
here that bulk viscosities vanish . 

The theoretical variables Pr and Ps are replaced 
by the pore pressure p and the effective solid stress a., 
which can be measured experimentally. The assumption 
that the surface porosity of the sediment equals its vol
ume porosity implies the relationships Pr = (I - r/J) p 
andps = p + Oe. 

We assume that the solid flocs begin to touch 
each other at a criticai concentration r/Jc, then the con
stitutive equation for O e satisfies doe( f/J)/d( r/J) = O for r/J S 

r/Jc and da0(f/l)/d(r/J) > O for r/J > r/Jc· 

Since the flow depends only on the pore pres
sure in excess of the hydrostatic pressure, the excess 
pore pressure Pe is used instead of p. That quantity is 
defined by Pe = p - Pr g(H- z) in the gravitational case, 
where H is the height of the settling vessel, and by Pe = 

p - Pr 'hgp(ül2(1 for centrifugation, where m is the scalar 
angular velocity and r the length ofthe radius vector. 

The solid-fluid interaction force m is decom
posed into a hydrostatic part mb anda dynamic part rnct, 
i.e. m = mb + md, where mb = fJ\7 r/J and md = a(f/J)v, + r 
(r/J)D1v,. Here v, = v5 - vr denotes the solid-liquid rela
tive or drift velocity and a ( r/J) is the resistance coeffi
cient, which is given as the second material constitutive 
function. Taking the liquid component linear momen
tum balance at equilibrium shows that fJ = p. The virtual 
mass y (r/J) will not be determined since we anticipate 
that the term D1v, can be neglected. 

lt is convenient to replace a (r/J) by the Kynch 
batch flux density function ~ r/J)= -8" y # ( 1-r/Ji I a ( r/J), 
where ()" = Ps - Pr· Usually f is assumed to be a piece
wise smooth function satisfying 
~r/J)< O 4Jop O < r/J < rAnax, where r/Jmax :S I is the maxi
mum concentration, and j{r/J) = O otherwise. 
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The final multidimensional model equations 
will not be solved in this paper, therefore their deriva
tion will be limited here to the gravitational case, see 
Bürger and Concha (2000) for the centrifugai case. 
lntroducing the present assumptions into the linear mo
mentum balances yields 

v = /(<!>) [v cr (,h) + ,hli k + <!> v. T ' 
' 8Pgcj>' (I- <J>) ''+' '+' 0 g 1- cj> ' 

- V· T,' + <J>(p, D, v, -PJD, v,) - ~~<!>~ O, v,J 

We assume that 104 m/s, I m and 10·6 m2/s are 
typical values ofthe settling velocity of a single floc in 
pure liquid, ofthe height of the separation vessel and of 
the kinematic viscosity of the pure fluid, respectively. 
Then a dimensional analysisjustifies to reduce (4) to 
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(4) 

This equation replaces one of the component 
linear momentum balances. The second of these two 
balances appears as the linear momentum balance of 
the mixture, 

-p(<j>)D,q + ll(<J>)t.q-Vpe=Vu.(<J>) + <J>õ,gk 

-V (!l(<J>)) · [vq + (vqrl +p(<J>)[ (q·V)(r(<j>) v,) (5) 

+ ( ( r(<j>) v,)· V) q ] +'V. 

where {i.. </J) = Pa<P + P$ (I - rp) is the local density of the 
mixture, {i...</J) = b~</J(l-rp)lfirp) and '11 is a particular 
known function of </J and its partia I derivatives of up to 
third order (Bürger et ai. 2000e). The function ) de
scribes the interaction of the concentration field </J with 
the average tlow field q and the excess pore pressure 
distribution Pe coming from viscous stress due to con
centration inhomogeneities and from advective accel
eration dueto solid-liquid relative motion and ditfusion 
stress. 

With 

~ 

A@= JaMds, 
o 

the continuity equations read for the gravitational case 

a,~+V·(~q+f(~)k)=llA(~), V · q=O. (6) 

From the assumptions on </J( </J) and fr.( rp), we 
see that 

a(<J>)= l
-0 

> 0 

for <l> ~ <l> c and <l> :?: <l> mnx : 

equation (6) 1 is hyperbolic, 

for<j>c <<J><<l>max: 

equation (6) 1 is parabolic. 

The mathematical and numerical difficulties 
dueto this type degeneracy are even exacerbated by the 
frequent assumption that the derivative of CJ0 , and hence 
the ditfusion function a(rp) in our theory, is discontinu
ous at rp = r/Jx: After inserting (4) into (5), the final set of 
field equations for the determination of </J, q and Pe is 
given by (5) and (6). 

ONE-DIMENSIONAL SOLID-LIQUID 
SEPARATION MODELS 
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ln the spatially one-dimensional case, we ob
tain q = q(t). Using Eq. (5) the excess pore pressure can 
be calculated a posteriori from the concentration distri
bution. We may therefore neglect both viscous and 
advective acceleration terms to obtain the governing 
equations 

(7) 

(8) 

Fig 
ure I : a) Rotating tube (y = 0), b) axisymmetric cen~J"i
fuge (y = 1). 

ln the centrifugai case, with r being the radius 
and neglecting Coriolis etfects, Eqns. (7) and (8) are 
replaced by 

a,~ + ar(-/(~)ol r/ g - yA@!r) 

= êr
2
A($) + y [J($)d !g + A($)1r"), 

(9) 

(lO) 

The parameter y takes the values indicated in 
Figure I. 

Observe that it is sufficient to solve the scalar 
equation Eq. (7) or (9), and to use Eq. (8) and (I 0), 
respectively, to calculate the local excess pore pressure. 
We now specify initial and boundary conditions for 
Eqns. (7) and (9). 

Gravity sedimentation 

Consider first batch settling and continuous 
thickening in an ideal thickener of height L. The veloc
ity 6( r) 8 O is given by discharge control. The case q = O 
corresponds to batch settling in a closed column. We 
assume that an initial concentration distribution 

(II) 

in the column is given. The boundary condition at z = 

O, 
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comes from reducing at z = O the total solids volume 
flux 6(r)~+t/J(~)-DçA(~) to the convective part 
~r)~. At z = L, a solids feed tlux 'I'::; O is prescribed, 

( q(t) + f(ljl)- az A (ljl) )(L,t) = 'lf(t), t >O, (13) 

where 'I' = O corresponds to the batch case. 

Batch centrifugation 

We assume that the radius r varies between an 
inner radius Ro and an outer radius R. We then obtain 
the initial and boundary conditions 

q, (r,O) = %(r), ~~ r~ R, 

( ol" 'b f@/ g- ar A($)) (rb,t) = O, 

rb E {~,Rl, t>O. 

a) Initial state 

t=O 
,iston 

~-h(O) 
o o o o 

o o o o o 

o o o o o o o o o 
o o o o 0
o0°1o;Mo: 

o 00 o 00 o 

o o o o o o 

o o 

0 0 o o o 

membr~e -r ~Ll(O) 

b) Cake formation 

0< t <te 

dear liquid 

c) Expression 

t ~ tl. 

dear liquid 

Figure 2: Pressure filtration of a suspension 

Pressure filtration 

(14) 

(15) 

=l(t) 

This process follows the stages sketched in 
Figure 2. The filtration column has at its bottom a filter 
medium which Iets only the liquid pass. Its top h = h(t) 
is represented by a piston which can move downwards 
due to an applied pressure a(t). Both, the filter medium 
and the filter cake, formed by settling of the initially 
suspended solids, exert resistance to the tlow of the 
filtrate and thereby to the movement of the piston. Ob
viously, the volume average mixture velocity is now 
q(t) = h'(t), whose absolute value at the sarne time is the 
filtrate volume flow rate, and equation (7) is considered 
for t > O on the time-dependent height interval O < z < 
h(t). Since h(t) has to be determined simultaneously 
with the sought solution ~. we arrive at a free boundary 
problem. The solids phase velocity in heights zero and 
h(t) should take the respective values zero and h'(t), 
which implies the kinematic boundary conditions 
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{J(<j>) - o,A (<j>))(O,t) = h'(t)<j>(O,t), 

(/(<j>)- a, A (<j>))(h(t),t) =O, t >0. 

(16) 

(17) 

An additional condition is necessary to de
scribe the coupling between the applied pressure o(t) 
and the filtrate rate h'(t). A force balance yields the 
equation 

cr(t) = cr.(<I>(O,I))-g[m+pr(h(t)-h,)] -!lr Rmh'(t), (18) 

where m is the suspension mass at t = O, h0 the initial 
piston height, f.lr the liquid viscosity and Rm the filter 
medium resistance, see Bürger et ai. (2000a). 

The governing equations, Eqns. (7) and (9), are 
highly non-standard partia) differential equations. ln 
particular, because of their nonlinear nature and mixed 
hyperbolic-parabolic type, their solutions may become 
discontinuous even ifthe initial concentration is smooth. 
Consequently, the solutions have to be interpreted in a 
weak sense. However, weak solutions are not uniquely 
determined by their initial and boundary data, and addi
tional selection criteria, or so-called entropy conditions, 
are needed to single out the unique physically relevant 
solution. We refer to Bürger and Karlsen (200 I), Bürger 
et ai. (2000c) and to Espedal and Karlsen (2000) for 
details on the mathematical background of strongly 
degenerate nonlinear partia) differential equations. 

The nonlinear nature of mathematical models 
derived herein rules out analytical solution techniques 
and one has to resort to numerical methods. When de
signing numerical methods for the one-dimensional 
solid-liquid separation models one should be a bit care
ful. It was observed in Evje and Karlsen (2000) that 
numerical methods based on "naive" finite difference 
discretization may produce stable but physically wrong 
solutions. This feature is intimately connected to the 
fact that one has to impose so-called entropy conditions 
in the continuous model to single out its unique physi
cally relevant solution. Consequently, when designing 
numerical methods one has to make sure that the pro
posed methods have these entropy conditions or at least 
discrete versions ofthem "built in". 

As it is outside the scope of this paper to ex
plain in detail why the numerical method employed for 
the calculation of the examples presented here, i.e. the 
upwind method as studied by Bürger and Karlsen 
(200 I), produces correct solutions, let us simply say that 
this is (roughly speaking) related to the conservative 
form and the upwind nature ofthe method. ln particular, 
the upwind nature implies that the method obeys a sort 
of discrete entropy condition. We refer to the papers 
cited in this section and to Karlsen and Risebro (2000) 
for details. 
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NUMERICAL EXAMPLES 

The numerical examples presented here have 
been adopted from severa! papers published previously 
by the authors and are solely meant to illustrate the 
predictions of the unified mathematical theory. For new 
calculations comparing the predictions of the model 
with experimental results from centrifugation and filtra
tion we refer to our companion contribution (Garrido et 
ai. 200 I). The model predictions for batch sedimenta
tion have extensively been correlated with experimental 
data in the papers by Bürger et ai. (2000b) and Garrido 
et ai. (2000). 

We first considera batch settling experiment of 
a kaolin suspension in a column reported by Tiller et ai. 
( 1991 ). For that material, the model functions 

/($) = -2.7x 10-4 $(1- 2$) 2u m/ s, 

for «!> :s; «!>, = 0.07, 

were found suitable, see Bürger et ai. (2000b). Fig. 3 
shows a simulation of the settling experiment from 
Tiller et ai. (1991), together with the published meas
ured iso-concentration !ines, obtained by solving the 
initial-boundary value problem formed by Eqns. (7) and 
(II)-( 13) by a second-order upwind finite difference 
method, see Bürger and Karlsen (200 I). Figure 3 shows 
the curved iso-concentration !ines of the sediment 
(where t/J > t/J.J. These !ines emerge successively from 
the bottom, i.e. the bottom concentration is slowly in
creasing. 

A similar method can be employed to solve 
Eqns. (9), ( 14) and ( 16) for the centrifugation problem. 
Consider the continuous constitutive functions 

/(Ql) = fO-IOm / S X 

1

2320«1> 2
- 217«1> 

-58.56$11 727 

- 1.387«1> -11 571 

- 6.68«1>0 132 

for O< «!> :s; 0 .02, 

for 0.02 < «!> :s; 0.056, 

for 0.056 < «!> :s; 0.1 07, 

for 0.107 < «!> :s; «<>max = 0.5, 

cr, (cj>) = { ~. 142 x l07 (cj>-cj>J"'"' Pa 

forcj> :s: cp, = 0.14, 

for cj> > cj>" 

determined for a limestone suspension by Bürger and 
Karlsen (2000) using measurements by Sambuichi et ai. 
( 1991 ). Figure 4 shows the numerical simulation by 
both a settling plot and selected concentration profiles 
as well as the remaining parameters. 
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lt is well known (Anestis and Schneider 1983) 
that in both centrifugai cases, r= O and r= 1, and unlike 
the gravity case, characteristics and iso-concentration 
I ines in the hindered settling zone (where t/J :s; t/Jx) do not 
coincide. As a consequence, as can be seen from the 
vertical iso-concentration I ines, the concentration of the 
bulk suspension between the slurry/supemate and the 
slurry/sediment interfaces decreases with time, and the 
slurry/supernate interface has curved shape. 

:r [ml ,.--,-~-~-~~-~~-~-~~--. 
0.150 • 0.049 • interface height • 0 .09 

,. 0 .05 • 0 .0925 
• 0.07 • 0.095 

0.125 o 0.08 * 0.10 
• 0.085 <) 0.12 

Figure 3: Simulation of batch settling of a kaolin sus
pension. Symbols correspond to measured iso
concentration !ines (Tiller et ai. 1991 ). 

58.0 ,..,.-~-~~~-~~-~-----, 
w = 104.9radfs 

r [mm] </Jo = 0.138 

· 61.0 

64.0 

67.1 

70.1 

w = 104.9 rad/s 
</> [-] </>o= 0.138 

0.40 

0.30 

!Os 30s 
0.20 20s 40s 

0.10 

60s 

160.0 t [s] 200.0 

0·0Rs.o 61.0 64.0 67.1 r [mm] 73.1 

Figure 4: Simulation of batch centrifugation of a lime
stone suspension : settling plot (top) and concentration 
profiles (bottom). The circles represent slurry/supernate 
interface measurements by Sam buichi et ai. (1991 ). 
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z [m] 

1000 2000 

;(mJ~.·· .· 
0.08 

0.1 0.2 

3000 

<!>o ;:c O.OU 

- o.ou 
101.1 kPa· 

1fl0 

.37 ; 

4000 1 [s] 5000 

" = 102.1 kl'· 
150 

11.685s 

0.3 OA .p [- J 0.5 

Fi 
gure 5: Simulation of pressure filtration of a kaolin 
suspension : filtration plot (top) and concentration pro
files (bottom). The fat dots in the second diagram de
note the concentration at height h{t) and are plotted in 
time intervals of length /':,.r. 

Another variant of that numerical method has 
been used to calculate a pressure filtration process of a 
tlocculated kaolin suspension. For that material, the 
functions 

/(f/J)= 

l
-1.41 x l0 -4 f/J(J-f/J) 2888 m / s forfjJ:s;O.I4, 

-2.25xl0~ 11 r5 1 m/s forf/J2':0.32, 

/(f/J) otherwise 

a.(o){9ooo[Uf'- ']"' 
for fjJ s rPc = 0.32, 

for r/J > rPc 

were determ ined, where /( f/J) is a particular smooth 
interpolant and the segments of both functions for fjJ > 
rPc have been converted from well-known formulae 
relating permeability, solid stress and porosity advanced 
by Tiller and Leu (1980). Figure 5 shows a filtration 
plot and a sequence of concentration profiles for a 
simulated filtration process, followed by expression of 

the filter cake. The remaining parameters were Sp = 

1618.2 kglm\ ~ = 9.78 x 104 Pa s and P~ = 3 x 1010 m· 
I 

Observe in Figure 5 that a zone of clear liquid 
is forming beneath the moving piston, and that the fil
trate rate decreases during the growth of the filter cake. 
Very soon after the slurry-supernate interface has 
reached the cake leveL the composition of the cake 
remains constant and so does the filtrate rate due to Eq. 
( 16). After 4300 seconds, the piston touches the ftlter 
cake, which is then further compressed until its solids 
concentration is uniform. 

CONCLUSIONS 

We outlined in this paper a unifted theory of 
solid-liquid separation processes of tlocculated suspen
sions. Similar unifying theories have been proposed 
previously (Tiller and Hsyung 1993, Landman and 
White 1994). The novelty of the present work, and the 
authors' papers cited herein which are outside the scope 
of this contribution, consists in the simulation of work 
by many other researchers, whose results are satisfacto
rily reproduced. A selection of detailed comparisons 
with experimental ftndings will be presented in our 
companion paper (Garrido et ai. 200 I). 
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At the sarne time, new results of mathematical 
analysis of the model equations are available. The re
sults of this research confirm the soundness of the phe
nomenological framework and have made the develop
ment of appropriate numerical methods possible. ln 
particular, it has turned out that sediment/suspension 
interfaces, such as the filter cake surface, are approxi
mated correctly when the unique degenerating second
order field equation is solved appropriately, i.e. these 
interfaces do not have to be tracked explicitly. This 
contrasts with the treatment proposed by Tiller and 
Hsyung (1993), who claim that it is necessary to use 
different fteld equations anda moving boundary. 
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