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ABSTRACT 
 
In the study of wastewater treatment, mathematical models are used in order to 
understand and make predictions about the process. Different phases of the 
biological process can be described as the growth of micro-organisms and the way 
they behave along time, as well as its relation with the consumption of certain 
substrates and product formation. The goal of this study is to use a basic model to 
assess some of the systems properties with regard to the anaerobic treatment of the 
behavior of acid mine drainage. The system in question is a batch reactor. In 
particular, one would like to show that, with the right conditions, the sulfate-reducing 
bacteria population prevails over the others, leading to a specialized system. The 
model in use for the population’s description is Malthusian, with the rate of growth 
moderate affinity for the substrate, according to the Monod model. The numerical 
solution describing the evolution of the variables of interest was obtained using the 
Runge-Kutta method of 4th order, known for accuracy and stability for initial value 
problems. We prefer to perform the calculations through direct programming of the 
methods (C++) in order to maintain control over the number and its further 
consideration uncertainties in the statistical analysis. The simulated model was 
compared with actual data from the operation of an anaerobic bioreactor in 
laboratorial scale. The determination of the model parameters was performed using 
the maximum likelihood method, subsequently validated with a reduced chi-square 
test. Although the exact value of the parameter depends on the particular 
characteristics of the microbial community of the chosen inoculum, this study 
demonstrates that the model is suitable for this type of system. In particular the low 
relative variance parameters obtained indicates that this is able to make reliable 
predictions on the application in other situations and scale. This work reviews 
statistical concepts used in modeling of a bioreactor that frequently are neglected in 
the common literature. 
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RESUMO 
 
No estudo de tratamento de águas residuárias, modelos matemáticos são usados 
para entender e fazer previsões sobre o processo. Diferentes fases do processo 
biológico podem ser descritas, tais como o crescimento de micro-organismos e a 
forma com que estes se comportam ao longo de tempo, bem como ocorre o 
consumo de determinados substratos e formação de produtos. O objetivo desse 
estudo é usar um modelo simples para avaliar algumas propriedades do sistema 
com relação ao comportamento do tratamento anaeróbio da drenagem ácida de 
minas. O sistema em questão é um reator batelada. Em particular, mostrou-se que, 
com as condições certas, as bactérias redutoras de sulfato prevalecem sobre as 
outras, levando a um sistema especializado. O modelo usado para a descrição da 
população é o Malthusiano, com a taxa de crescimento do modelo de Monod. A 
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solução numérica descrevendo a evolução das variáveis de interesse foi obtida 
usando o método Runge-Kutta de 4ª ordem, conhecido por sua precisão e 
estabilidade para problemas de valor inicial. Optou-se por realizar os cálculos 
através do método de programação direta (C++) com o intuito de manter o controle 
sobre os números e suas incertezas na analise estatística. O modelo simulado foi 
comparado com os dados reais de operação de um biorreator anaeróbio em escala 
laboratorial. A determinação dos parâmetros do modelo foi feita usando o Método da 
Máxima Verossimilhança, posteriormente validado com um teste de Qui-Quadrado. 
Embora o valor exato dos parâmetros dependa das características particulares da 
comunidade microbiana do inoculo escolhido, este estudo demostra que o modelo é 
adequado para este tipo de sistema. Portanto, os relativamente baixos desvios dos 
parâmetros obtidos indicam que este modelo é capaz de fazer previsões confiáveis 
de aplicação em outras situações e escala. Este trabalho revisa conceitos 
estatísticos usados na modelagem de um biorreator que frequentemente são 
negligenciados na literatura comum. 
 
PALAVRAS-CHAVE: biorreator; Drenagem Ácida de Minas; modelagem; estatística.  
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1. INTRODUTION 
 
One of the biggest environmental problems affecting the mining industry is the 
formation of acid mine drainage (AMD) due to oxidation of sulphide minerals when 
exposed to the air and water. The AMD is characterized by its low pH, high 
concentrations of sulfate and heavy metals, and low concentrations of organic matter 
(OBERHOLSTER et al, 2013). 
 
This drainage is commonly treated in the industry with neutralization using calcium 
oxides, but this treatment has a high cost and generates waste, a sludge that needs 
to be deposited in a suitable place to not cause an environmental problem even more 
serious. In order to avoid this problem, studies have been conducted with biological 
treatment, using sulfate-reducing bacteria (SRB) in anaerobic reactors. This form of 
treatment has been shown very promising, because of the increasing pH effluent, the 
sulfate converts to sulfide, which reacting with the heavy metals present in solution 
and they precipitate. 
 
In this work, experimental data of the treatment of DAM in a batch reactor (VIEIRA et 
al, 2014) were modeled, in order to propose a model that describing the substrates 
consumption and products formation by micro-organisms, and evaluate if them grew 
along of the time, assuming important statistical concepts. 
 
 
2. LITERATURE REVIEW 
 
2.1. Basic Malthus/Monod Model 
 
The data from the treatment of acid mine drainage synthetic experimentally 
performed in anaerobic batch reactor will be modeled in order to describe how the 

sulfate removal (𝑆𝑂4
2−) and chemical oxygen demand (COD) behave over time, with 

ethanol (𝐶𝐻3𝐶𝐻2𝑂𝐻) used as a source of energy and carbon. The most common 
pathway of treatment that occurs in the reactor is of the sulfate reducing bacteria 
(SRB) and is described by the following equation (RODRIGUEZ et al, 2012): 
 

1.0 𝐶𝐻3𝐶𝐻2𝑂𝐻 + 1.5𝑆𝑂4
2− + 𝐻+ → 1.5𝐻2𝑆 + 2.0𝐻𝐶𝑂3

− + 𝐻2𝑂       (1) 
 

The sulfate, being the electron acceptor will be called 𝐴 and ethanol, as well as 
electron donor substrate will be referred to as 𝑆, thus their behavior in time will be 
labeled 𝐴(𝑡) and 𝑆(𝑡), respectively. The equivalence of ethanol to COD together with 
the stoichiometric coefficients of the reaction shown in Eq. 1 lead us to obtain the 

stoichiometric ratio 𝛼 = 𝐶𝑂𝐷/𝑆𝑂4
2− = 2/3, which consequently makes it possible to 

relate the variation of ethanol with the variation in sulfate over time, (𝑑𝑆/𝑑𝑡) =
𝛼(𝑑𝐴/𝑑𝑡). Here the Malthus-Monod model is adopted, where the Malthusian 
population grows with a rate moderate by its affinity with the substrate (Monod’s 

interpretation). The biomass of SRB’s will be described denoted as 𝑋𝑆𝑅𝐵(𝑡). 

Therefore, the rate of consumption of the substrate 𝑟 = −𝑑𝑆/𝑑𝑡 is given by: 
  

𝑟 =
µ̂

𝑌

𝑆

𝐾𝑆+𝑆

𝐴

𝐾𝐴+𝐴
𝑋𝐵𝑅𝑆         (2) 
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and also the biomass growth is given by 𝑑𝑋/𝑑𝑡 = 𝑌𝑟 − 𝑏𝑋𝑆𝐵𝑅. On both equations the 
parameters are: �̂� is the maximum rate of specific growth, the real yield Y, the 𝐾𝑆 

values and 𝐾𝐴 corresponding the concentrations of the half maximum velocity of the 
specific growth rate of Monod for the substrate and the electron acceptor, 
respectively, and also the decay rate of the active biomass b. A similar set of 
equations will be used when modeling a second population of fermentative bacteria 

𝑋𝐹𝐸𝑅𝑀, which will dispute for the electron donor 𝑆 but not for the same acceptor 𝐴. 
 

The values of the maximum specific growth rate �̂� are given in the literature for many 
different conditions and the yield may be determined numerically, when it is assumed 

that cells behave as engines. Assuming the maximum possible efficiency (𝜀 = 0.6 for 
a Carnot analogy) and considering the average cell composition as 𝐶5𝐻7𝑂2𝑁, the 

yield 𝑌 for each species may be obtained (RITTMAN, 2005 and BARTON, 2007). 
Conversely, the knowledge about parameters 𝐾𝑆 and 𝐾𝐴 is restricted to the fact that 
they are naturally small, which leads both population behaving as zeroth-order 
consumers:−(𝑑𝑆/𝑑𝑡) = 𝑐𝑡𝑒. Biofilm formation may interfere with the transport of 

nutrients, which in turn would reflect on both 𝐾𝑆 and 𝐾𝐴 (increasing their values). In 
the present work, they will be considered zero but it is relevant to acknowledge that 
the same statistical tool the will be applied in what follows could be used to evaluate 

the evolution of 𝐾𝑆 and 𝐾𝐴 along the operation time, thus hinting the formation of 
biofilms. The numerical values of the parameters used are specified at Tab 1. 
 

Table 1. Numerical values of the parameters used in the simulation. The values of �̂� where 

obtained from reference (RITTMAN, 2005), while the values of 𝒀 were calculated using the 

heat engine model from the same reference. The population decay rate 𝒃 is considered 
negligible, so are also 𝑲𝑺 and 𝑲𝑨. 

 

 
 
 
 
 
 
Finally, the Runge-Kutta method of 4th order is used to solve the initial value problem 

(IVP), whereas the values at the initial time 𝑡 = 0 are labeled as 𝑆0, 𝐴0 , 𝑋0
𝑆𝐵𝑅 and 

𝑋0
𝐹𝐸𝑅𝑀. All these valued could be obtained from the operation parameters, but it will 

be clear on the next section that this is not the case here. 
 
2.2. Statistical methods 
 
After propose a mathematical model that describes the behavior of the experimental 
data, the first step is to adjust the model to the data and vary the unknown free 
parameters in order to find the most reliable form of representation. However, it is 
necessary to establish the criteria for whether the model-data optimization procedure 
is consistent. For this, one method used in almost all academic area is the Least 
Squares Method (LSM) because it is a simple method that has the minimum distance 
(squared) between the theoretical and the experimental value for the best set of 

parameter settings {𝜃𝑖}. However, this method should always be accompanied by 
others that offer statistical information, because LSM is a purely geometric tool. 
 

Parameter SRB FERM 

�̂� (𝒉−𝟏) 0.013 0.05 

𝒀 (mgVSS/mgCOD) 0.10 0.13 

𝒃 (𝒉−𝟏) 0 0 

𝑲𝑺 (mgCOD) 0 0 

𝑲𝑨 (mgSO4
2-

) 0 - 
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In order to carry out the present study, two crucial steps must be performed and in 
the following sequence: first, the hypothesis that supports the model must be tested, 
by trying to refute it with experimental data. After that, if the test fails to refute of the 
hypothesis, it is possible to obtain a range of values within which the validity of the 
model is supported. The maximum likelihood method (MLM) (TAYLOR, 1997) is often 
used in due to its characteristic of approaching these two steps. The method itself 
consists of attributing a probability that the observed data was obtained given that the 

model is true, i.e., 𝐿 = 𝑃𝑟𝑜𝑏(data|theory). This is a conditional probability and it has 
to be interpreted with caution: the data is real and one looks for a suitable model to 

represent it. However, this would mean 𝑃𝑟𝑜𝑏(theory|data), which in turn is 
unobtainable unless a prior knowledge of the probability is available. These two 
probabilities are related by the Bayes Theorem, applied to data analysis (COWAN, 
1998): 
 

        𝑃𝑟𝑜𝑏(theory|data) ∝ 𝑃𝑟𝑜𝑏(data|theory)𝑃𝑟𝑜𝑏(theory)                 (3) 
 
Where 𝑃𝑟𝑜𝑏 (𝑡ℎ𝑒𝑜𝑟𝑦) is the prior probability of the model or theory being true. 
Generally, there aren’t any prior knowledge available. This explains why the 

interpretation of the likelihood 𝐿 is delicate: if the maximum value of 𝐿 is too low, the 
observed data can’t be explained by the given model, i.e., the model is refuted. 
Conversely, without an initial knowledge of 𝑃𝑟𝑜𝑏(theory), it is impossible to speak of 
a theory or model as being valid or "proved". So a model is valid as long as it is not 
refuted by a new experiment and is always referred as a theory, no matter how much 
endorsement it receive from data.  
 
To set 𝑃𝑟𝑜𝑏(data|theory) , it is necessary to know about the probability distribution of 
the experimental data. This could follow a Normal (Gaussian), exponential, Poisson, 
or any other distribution. Each one will lead to a different form of Likelihood. In the 
present work, all data distribution is regarded as Gaussian: 
 

𝑃𝑟𝑜𝑏(𝜇𝑗 − 𝜎𝑗 ≤ 𝑦𝑖 ≤ 𝜇𝑗 + 𝜎𝑗) ∝ 𝑒𝑥𝑝 [−
(𝑦𝑖−𝜇𝑖)

2𝜎𝑖
]

2

    (4) 

 

Where 𝜇𝑖 ≡ 𝑓(𝑥𝑖; {𝜃𝑗}) is the model’s prediction for the data point (𝑥𝑖 , 𝑦𝑖 , 𝜎𝑖) with 𝜎𝑖
2 

being the instrumental variance. The model’s parameters are summarized in the set 

{𝜃𝑗} = {𝜃1, 𝜃2, … , 𝜃𝑝}. The log-likelihood is given by: 

 

log 𝐿 (𝜃1, 𝜃2, … , 𝜃𝑝) = log [∏ 𝑒𝑥𝑝 [−
(𝑦𝑖−𝜇𝑖)

2𝜎𝑖
]

2
𝑛
𝑖=1 ] = 𝐶 −

1

2
∑

(𝑦𝑖−𝜇𝑖)2

𝜎𝑖
2𝑖    (5) 

 
By maximizing log 𝐿, and consequently 𝐿, one is looking for the minimal value of the 

chi-squared 𝜒2, defined as: 
 

𝜒2 = ∑
(𝑦𝑖−𝜇𝑖)2

𝜎𝑖
2

𝑛
𝑖=1      (6) 

 

The set of parameters that lead to a minimal value of 𝜒2 are called the Maximum 

Likelihood Estimator (MLE) of model parameters, and are labeled as {𝜃𝑗}. The 

interpretation of the MLE set is the following: 
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“The set of parameters {𝜃𝑗} are the ones that maximize the probability that the given 

data set (𝑥𝑖 , 𝑦𝑖, 𝜎𝑖) would be obtained, given that the model is suitable.” 
 
The least squares method is frequently mistaken with the chi-squared because their 
definitions coincide in the special case when because the variances are the same for 

every point, 𝜎𝑖
2 = 𝜎2. Nevertheless, the chi-squared is a statistical concept rather 

than a geometrical one. The similarities between their definitions arise from the fact 
that the Normal distribution attributes higher probabilities to smaller distances. Thus, 

one would expect that there would a particular case of 𝜒2 where it becomes only 
geometrical. But applying Eq. 5 to other distributions would lead to different forms of 

𝜒2 than the one shown on Eq. 6, but where no relation to distance is kept. In this 
sense, the previous definition and interpretation of any Likelihood related method is 

deeply connected to a proper study of the variances 𝜎𝑖
2.  

 
The variances of the measurements define the confidence interval (CI) of each 

measure, i.e, the true (unobtainable) value of a measure �̃�𝑖 has 68.3% of chance 

probability of being located inside the measured region from 𝑦𝑖 − 𝜎𝑖 to 𝑦𝑖 + 𝜎𝑖. In 
other words, 𝑃𝑟𝑜𝑏(𝑦𝑖 − 𝜎𝑖 ≤ �̃�𝑖 ≤ 𝑦𝑖 + 𝜎𝑖) ≅ 0.683. This value comes from the 
definition of the Normal distribution and is called the confidence level (CL) of the 
measure. The same concept applies to the estimators: each one has its confidence 
interval related to a confidence interval and these should always be reported together 
with the estimator’s value. A relevant remark is in order: one must never forget the 

interpretation of {𝜃𝑗}, where it is stated that they “…are the ones that maximize the 

probability that the given data set (𝑥𝑖 , 𝑦𝑖, 𝜎𝑖) would be obtained, given that the model 
is suitable”, i.e., one still needs to state, qualitatively, how suitable to model is. This is 
done by the Chi-Squared test. 
 
2.3. The chi-squared test 
 
By applying the chi-square test the modeler attempts to refute its own model before 
reporting the values of the parameters (the MLE). The test is performed by choosing 
a significance level 𝛼, which is the minimal level of significance for the Hypothesis 
(more on this interpretation later). Usual values chosen for the significance are 0.05 

or 0.10. The lower 𝛼 is, the more restrictive is the test. Given 𝛼 and the number of 
degrees of freedom of the analysis 𝜈 = 𝑛 − 𝑝 (the difference between the number of 
data points and the number of parameters of the model), it is possible to calculate 
what is the chance probability that a random experiment would result on a value of 

𝜒min
2  between 𝑄1 and 𝑄2. This is given by: 

 

𝑃𝑟𝑜𝑏(𝑄1 ≤ 𝜒min
2 ≤ 𝑄2) = ∫ ℎ𝜈(𝜒2) 𝑑𝜒2

𝑄2

𝑄1

= 

∫ ℎ𝜈(𝜒2) 𝑑𝜒2∞

𝑄2
− ∫ ℎ𝜈(𝜒2) 𝑑𝜒2∞

𝑄1
= 𝑃𝑄2

− 𝑃𝑄1
  (7) 

 

Where ℎ𝜈(𝜒2) is the chi-squared distribution (COWAN, 1998). The probabilities 𝑃𝑄1
 

and 𝑃𝑄2
 are related to 𝛼: 𝑃𝑄1

= 𝛼 and 𝑃𝑄2
= 1 − 𝛼. So, the confidence level of the 

analysis is 𝑃𝑄2
− 𝑃𝑄1

= 1 − 2𝛼. The test consists of observing if the obtained 𝜒min
2  falls 

in the range 𝑄1 ≤ 𝜒min
2 ≤ 𝑄2. If so, the probability that, given the same model, other 

randomly obtained data set will result in a better fit than this is 𝛼, at most. On other 
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words, one has failed to refute the model and the chance probability that we wrongly 

accept this model as suitable is less than 𝛼. 
 
2.4. Parameters studied 
 
In the present work, the previously described tools will be used to access the degree 
of selection of the SRB population, without the use of microbiology. This is done by 
attributing the state of free parameters to the initial values of the populations, namely 

𝑋0
𝑆𝑅𝐵 and 𝑋0

𝐹𝐸𝑅𝑀. Although the total initial biomass can be measured as volatile 
suspended solids (VSS), the fraction that corresponds to each population can only be 
estimated by microbiology methods. Here, the values obtained by maximum 
likelihood of the model are considered and compared. As both populations grow, one 
may try to follow the evolution of their ratio: 
 

𝑋𝑆𝑅𝐵(𝑡)

𝑋𝐹𝐸𝑅𝑀(𝑡)
= 𝜂      (8) 

 

This task is accomplished by estimating 𝑋0
𝑆𝑅𝐵 and 𝑋0

𝐹𝐸𝑅𝑀 from several consecutive 
data experiments with the same reactor and the same (cumulative) biomass. In what 

follows, the notation will be simplified so that 𝑋𝑑
𝑆 = 𝑋0

𝑆𝑅𝐵 and 𝑋𝑑
𝐹 = 𝑋0

𝐹𝐸𝑅𝑀 where 𝑑 is 
the number of days since the startup of the reactor. Their confidence interval is 

propagated to the ratio 𝜂 so that: 
 

(
𝜎𝜂

𝜂
)

2

= (
𝜎𝑆

𝑋𝑆)
2

+ (
𝜎𝐹

𝑋𝐹)
2

                                              (9) 

 

Where an index 𝑑 is understood under each symbol. 
 
 
3. MATERIALS AND METHODS 
 
In the experimental phase of this work an anaerobic batch reactor inoculated with a 
sludge rich microbial diversity from the treatment of a poultry wasterwater, was fed 
with a synthetic acid mine drainage and ethanol, donor source of carbon and 

electrons, at a rate 𝐶𝑂𝐷/𝑆𝑂4
2− = 1 𝑚𝑔𝐶𝑂𝐷/𝑚𝑔𝑆𝑂4

2− (which in turn is about 36% 
larger than the stoichiometric one). In accordance with the present reaction in the Eq. 
1, one can predict that there will be a conversion of sulfate to sulfide with ethanol 
consumption by SRB and in order to establish whether in fact this reaction has 
succeeded, a time profile of the performed analysis, with analyzes sulfate and COD 
every two hours for a total period ranging from 12 to 38 hours, depending on the run. 

This process was performed six times on different dates. They will be labeled 𝑑 = 0, 
20, 77, 99, 114 and 119 (days from the startup).  
 
 
4. RESULTS AND DISCUSSION 
 

The number of degrees of freedom and the corresponding 𝜒min
2  obtained, together 

with the limiting values 𝑄1 and 𝑄2 for a significance level of 0.10, or given on Tab. 2. 
Only the first four were not refute by the test. This means that the model (and the 
parameters on Tab.1) are not compatible with the later data set. Actually, even the 
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fourth data set (day 99) lies on the edge of the test. The main interpretation of this 

result could lie on the values of 𝐾, the Monod parameters. Since the population are 
growing in a granular sludge, the formation of a biofilm cannot be neglected. A hint 
that this hypothesis is on the right direction would be if, with time, the consumption 
rate looked less zeroth-order-like and more first-order-like. That is exactly what is 

visible from the data behavior shown on Fig. 1, where 𝑑0 and 𝑑119 are compared. 
There is no other way around this than model the biofilm growth, thus parametrizing 

the changes on 𝐾𝑆
𝑆𝑅𝐵, 𝐾𝐴

𝑆𝑅𝐵 and 𝐾𝑆
𝐹𝐸𝑅𝑀. 

 

Having been refuted by the test, the only reliable values for the ratio 𝜂 are those 

derived from the first three data sets, 𝜂0, 𝜂20, 𝜂77 and 𝜂99. Their values are shown on 
Tab. 3. 

 
Table 2. Number of degrees of freedom (d.o.f. or 𝝂), critical values 𝑸𝟏 and 𝑸𝟐 for 0.10 

significance level and the minimal value of 𝝌𝟐 for each fit. The last three data sets were refuted. 

Days d.o.f. 𝑸𝟏 𝑸𝟐 𝝌min
𝟐  

0 14 6.57 23.7 10.2 

20 12 5.23 21.0 5.71 

77 16 7.96 26.3 4.14 

99 18 9.39 28.9 24.3 

114 24 13.9 36.4 60.2 

119 18 9.39 28.9 66.9 

 

 

 
Figure 1. Comparison between the startup data set (𝒅𝟎, top panels) and the last data set (𝒅𝟏𝟏𝟗, 

bottom panels). COD and Sulfate data are showed on the left and right panels, respectively. Set 

𝒅𝟎 shows that all COD is consumed as zeroth-order (constant slope) in about 6h. On the other 
hand, after almost 120 days, set 𝒅𝟏𝟏𝟗 data exhibits smother decay, related to a first-order 

consumer. 

 
Table 3. Initial values of the biomass obtained by the MLE and the resulting ratio 𝜼. The 

confidence intervals correspond to 68.3% confidence level. 

Days 𝑿𝒅
𝑺 𝑿𝒅

𝑭 𝜼𝒅 

0 246−15
+20 214−9

+16 1.15−0.07
+0.13 

20 229−15
+23 175−10

+10 1.31−0.11
+0.15 

77 580−45
+40 592−37

+39 0.98−0.10
+0.09 

99 875−39
+35 491−22

+31 1.76−0.11
+0.13 
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Figure 2. Evolution of the SRB and FERM populations ratio at days 0, 20, 77 and 99 of 

operation. 

 
 
5. CONCLUSIONS 
 
The application of a robust statistical method on data where the instrumental 
variance is known, leads to relevant hypothesis test. Knowing the right tools enable 
researchers to explore data and operation parameters in order to infer invisible 
characteristics of the system. In this work, a method for the evaluation of the SRB 
population was presented with clear results. From six data sets, four are compatible 

while the last two refuted the model. The observation of increasing values of the 𝜒min
2  

and the qualitative evaluation of later data indicates that the incompatibility might be 
arising from an evolution of the Monod parameters. This is usually related to biofilm 
formation, what is to be expected in this case. Future works have to take this into 
account in order to make full use of the data. 
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